Coupled heat and moisture transport in hydrophobic materials which are components of multi-layered systems leads to numerical difficulties caused by very small conductivities. The condition numbers of matrices are very large and any solver of system of algebraic of equations does not work efficiently. The small conductivities are recognized with the help of the heat and moisture fluxes and appropriate degrees of freedom are removed from the system. Such modification describes the hydrophobic materials better than small conductivities.
Introduction
Coupled heat and moisture transport in porous materials becomes very popular and useful in many areas. As an examples can serve the building physics or modelling of concrete creep where the influence of heat and moisture plays a significant role. There are many material models for the coupled heat and moisture transfer (comprehensive list of models can be found in reference [1] ) but this contribution deals with the Kunzel model introduced in reference [2] .
The model assumes heat and moisture fluxes both dependent on the gradients of temperature and relative humidity. The relative humidity can be replaced with respect to the Kelvin's law by the partial pressure. Governing equations of the transport are the heat and mass balance equations in the form of partial differential equations of parabolic type. The governing equations are discretized by the finite element method in space dimensions and by the generalized trapezoidal rule in time.
In the case of non-conductive materials, severe difficulties with numerical solution were observed. Deeper analyses reveal significant differences of matrix entries orders. While the matrix entries corresponding to heat transport conductivities are of order -2, the entries corresponding to moisture transport are of order -10 and the entries corresponding to coupled terms are of order -11. Such matrices are hardly solvable because iterative solvers suffer by extremely high condition number and therefore unacceptable number of iterations are needed. Application of direct methods is also questionable because of cancellation errors which were really observed. In order to avoid such badly conditioned matrices, adaptive modification of the Kunzel model is introduced. Generally, it is not possible to predict which gradient, i.e. gradient of temperature or relative humidity, is dominant and which can be neglected. There are cases where both of them are comparable and both of them have to be taken into account. The matrices of such cases are relatively well conditioned and they can be solved in the classical way. On the other hand, there are cases where one of the gradients is significantly greater than the other and the associated matrices are poorly conditioned. Therefore, the heat and moisture fluxes are evaluated before element matrix assembling. If the contribution of temperature or relative humidity gradient to the fluxes is significantly smaller than the contribution of the other gradient, it is neglected which results in modification of the matrix of material conductivities. Consequently, the element matrix does not contain entries of very low order and it leads to better conditioned matrix of the problem. The cancellation of small terms has to be based on the flux evaluation rather than comparison of matrix entries because of the influence of finite element mesh.
Section 2 is devoted to the Künzel model of the coupled heat and moisture transport. The mass and heat balance equations together with many auxiliary relationships are summarized. Section 3 deals with the initial and boundary conditions connected with the balance equations. Section 4 describes discretization of the balance equations by the finite element method. Section 5 describes the numerical solution of non-linear systems of equations. Finally, section 6 contains analyses of selected examples. The condition numbers of the conductivity matrix of materials and the element matrices are given.
Künzel model of coupled heat and moisture transport
In 1995, Künzel proposed in reference [2] a model of coupled heat and moisture transfer suitable for building components. The Künzel model of coupled heat and moisture transport is based on the relative humidity, ϕ, and temperature, T . Instead of the relative humidity, the water content, w, can be also used but it is generally non-continuous variable while the relative humidity is always continuous. The continuity of a variable is an advantage in the finite element method. The relative humidity is defined by the relationship
where p v denotes the partial pressure of water vapour and p vs (T ) denotes the saturated water vapour pressure which depends on the temperature. The water content, w, can be expressed as a function of the relative humidity, ϕ. The partial pressure of saturated water vapour in the air has the form p vs (T ) = e 23,5771−
4042,9
T −37,58 .
The vapour diffusion flux density has the form
where 
where R v = 461, 5 J/K/kg. Furthermore, in the case of small capillaries, water vapour diffusion resistance factor, µ, has to be introduced and the vapour diffusion flux density has the form
where δ p (kg/m/s/Pa) denotes the water vapour permeability. With the help of (1), the vapour diffusion flux density can be written in the form
Liquid conduction is described by the liquid flux density (kg/m 2 /s) in the form
where D w (w) (m 2 /s) denotes the capillary transport coefficient. The liquid conduction can be also described by the Darcy's formula
where K 1 (kg/m/s/Pa) is the permeability coefficient and p k (Pa) denotes the capillary suction stress. With the help of Kelvin's formula, the capillary suction stress can be written in the form
where ρ w (kg/m 3 ) is the density of water and R 0 (J/kg/K) denotes the gas constant for water vapour. Equation (8) can be rearranged into new form
The term K 1 w R 0 ln ϕ∇T is significantly smaller than the other and therefore it is usually neglected. The liquid flux density can be also written in the form
where D ϕ (kg/m/s) is the liquid conduction coefficient. Comparison of (11), (7) and (10) reveals relationships among the particular material parameters
Balance equation for the moisture has the form
where S w (kg/m 3 /s) denotes the moisture source or sink. Substitution of (11) and (6) into the balance equation (13) results in
The time derivate on the left hand side can be further modified
Heat transport is described by the well known balance equation
where H (J/m 3 ) denotes the total enthalpy, H s (J/m 3 ) denotes the enthalpy of dry material, H w (J/m 3 ) denotes the enthalpy of material moisture,
denotes the heat flux density and S h (W/m 3 ) denotes the heat source or sink. The Fourier law has the form
where λ (W/m/K) denotes the thermal conductivity of the moist material and T (K) denotes the temperature. The source or sink of heat can be written in the form
where h v (J/kg) denotes the latent heat of phase change and q v (kg/m 2 /s) denotes the vapour diffusion flux density.
With respect to (6), the balance equation has the form
Similarly to the mass balance equation, the left hand side can be written in the form
where (kg/m 3 ) denotes the density of material and C (J/kg/K) is the heat capacity coefficient.
Let new notation be introduced in the form
With the new notation, the balance equations have the form
Initial and boundary conditions
The balance equations (22) and (23) 
where T (x, t) denotes the prescribed temperature on the part Γ T and ϕ(x, t) denotes the prescribed relative humidity on the part Γ ϕ . The Neumann boundary conditions have the form
where q ϕ (x, t) denotes the prescribed moisture flux on the part Γ qϕ of the boundary and q T (x, t) denotes the prescribed heat flux on the Cauchy boundary conditions part Γ qT . The Newton (Cauchy) boundary conditions have the form
where p ∞ (x, t) denotes the ambient water vapour pressure and β ϕ is the mass transfer coefficient, both defined in the part Γ N ϕ . The pressures are transformed to the relative humidity with the help of relationship (1) . T ∞ (x, t) is the ambient temperature and β T is the heat transfer coefficient, both defined in the part Γ N T .
Besides the boundary conditions, the initial conditions are prescribed in the form
where ϕ 0 (x) denotes the initial relative humidity and T 0 (x) denotes the initial temperature.
Discretization of the differential equations
The finite element method is used for spatial discretization of the partial differential equations (22) and (23). The weighted residual statement is applied to the mass balance equation assuming (δϕ) = 0 on Γ ϕ and (δT ) = 0 on Γ T . The brackets are used for weight functions (δϕ) and (δT ) because there are some material parameters denoted by δ. The mass balance equation multiplied by the test function (δϕ) has the form
and the energy balance equation multiplied by the test function (δT ) has the form
Applying Green's theorem, the weak formulation for the mass transfer yields
and the weak formulation for heat transfer
In the finite element method, the temperature, T , and relative humidity, ϕ, are approximated in the form
and the gradients of the temperature and relative humidity are also needed
In the previous equations, N ϕ (x) denotes the matrix of approximation functions for the relative humidity, N T (x) denotes the matrix of approximation functions for the temperature, B ϕ (x) is the matrix of gradients of the approximation functions collected in the matrix N ϕ (x), B T (x) is the matrix of gradients of the approximation functions collected in the matrix N T (x), d ϕ denotes the vector of nodal relative humidities and d T denotes the vector of nodal temperatures. The approximations of weight functions have the form
where the notation is similar to the previous one. Using approximations (36)-(39) in equations (34) and (35), a set of the first order differential equations is obtained in the matrix form
The matrices K ϕϕ , K ϕT , K T ϕ and K T T create the conductivity matrix of the problem and they have the form
where the conductivity matrices of material D ϕϕ , D ϕT , D T ϕ and D T T are diagonal matrices and the diagonal entries are equal to appropriate conductivities
The matrices C ϕϕ , C ϕT , C T ϕ and C T T create the capacity matrix of the problem and they have the form
where the capacity matrices of material H ϕϕ , H ϕT , H T ϕ and H T T are diagonal matrices and the diagonal entries are equal to appropriate capacities
The vectors f ϕ and f T contain prescribed nodal fluxes and have the form
whereq ϕ denotes the mass boundary fluxes andq T denotes the heat boundary fluxes.
Numerical solution
From the numerical point of view, coupled problems are described by balance equations which have the form of partial differential equations. The exact solution cannot be obtained with respect to non-linearities hidden in the material models. Another obstacle is caused by very general domains which are solved in real engineering problems. Therefore, numerical methods have to be used. The balance equations (42) can be written in the form
where the vectors f T and f ϕ denote prescribed nodal fluxes and they can be further split to two contributions. The vector f ϕ is the sum of vectors f ϕϕ and f ϕT which represent contributions to the nodal fluxes caused by temperature changes and humidity changes. The meaning of other contributions is similar. The system of differential equations (52) can be written more compactly in the form
where the dependency of the conductivity and capacity matrices on the attained values of variables is explicitly denoted. d andḋ denote the nodal variables and their time derivatives. The system (53) has to be solved by an incremental method. Time discretization is based on the v-form of the generalized trapezoidal method [3] defined by the relationships
where v denotes the first derivatives of nodal values with respect to time and γ is a parameter from the range [0, 1]. The subscript n denotes the time step and it serves also as an index in the incremental method, called the outer iteration loop. It is assumed that all variables are known at the time t n and variables at the time t n+1 are searched. Substitution of expressions defined in equations (54) and (55) to the system of differential equations (53) leads to relationship
where C n and K n denote the capacity and conductivity matrices evaluated with the help of values d n . The system of algebraic equations (56) is generally non-linear and the Newton-Raphson method [4] has to be used at each time step.
The trial solution v n+1,0 of the system of equations (56) is used for computation of the trial nodal values d n+1,0 which are obtained from equations (55) and (54). Substitution of the trial solution back to the system of equations (56) with modified matrices does not generally lead to equality. An iteration loop, called the inner iteration loop, in every time step is based on residual which is computed from the relationship
where C n+1,j and K n+1,j denote the matrices evaluated for d n+1,j and j is the index in the inner loop. Correction of nodal time derivatives are computed from the equation
and new time derivatives are in the form
It has to be noted that the permanent recalculation of matrices K and C with respect to actual nodal values is very computationally demanding. In such a case, the matrix of the system of equations C(d) + ∆tγK(d) has to be always factorized and it requires additional computational time. The numerical examples show that the modified Newton method, which changes the system matrix only at the beginning of a new time step is the best choice. More details can be found in references [5] and [6] .
Numerical experiments
In order to show possible difficulties, the coupled heat and moisture transfer described by the Künzel model on a rectangular two-dimensional domain is assumed. Rectangular finite elements with bi-linear basis functions are used. The quadrilateral element contains four nodes and therefore there are eight degrees of freedom in the case of heat and moisture transfer on each element. The degrees of freedom are located in vector
With respect to the ordering of degrees of freedom in the vector d, the matrix of basis functions has the form
density of material =18.5 kg/m 3 water vapour diffusion resistance factor µ=53 (-) capillary transport coefficient D w = 6.2 × 10 −11 m 2 /s heat capacity coefficient c = 1567 Table 1 : Material parameters.
The matrix of partial derivatives has the form
The conductivity matrix of an element has the form
where the matrices B and D are defined by relationships (62) and (21), respectively. Ω e denotes the element area. The conductivity matrix, K e , is assembled from four blocks in the form
If the diagonal conductivity matrices of material, D ϕϕ , D T T , are zero or very close to zero, zero or nearly zero entries appear on the main diagonal of the conductivity matrix of an element, K e , and on the main diagonal of the conductivity matrix of problem, K.
Let the material parameters summarized in Table 1 be used. Table 2 Table 2 : Thermal conductivity.
beginning of the analysis has the form .
There are obvious differences in orders of particular matrix entries. The eigenvalues of the matrix are
and their ratio is κ = 4.736 × 10 6 .
In order to fix ideas, a plane stress problem is analyzed and compared with the coupled heat and moisture transport. Let the Young modulus be E = 50 GPa and the Poisson ratio ν = 0.2. The stiffness matrix of elastic material subjected to plane stress conditions has the form 
The eigenvalues of the stiffness matrix of the material are 
The larger condition number, the worse behaviour of many iterative method and the greater cancellation errors. Comparison of the condition numbers (73) for plane stress and (68) for the coupled heat and moisture transfer reveals that the transport problem behaves much worse than the plane stress problem. The conductivity matrix of the whole problem has the following smallest and largest eigenvalues
and the condition number is
The conductivity matrix of the whole problem has no kernel because there have to be Dirichlet boundary conditions somewhere on domain boundary. The generalized trapezoidal rule generates the following matrix C n +∆tγK n . The smallest and largest eigenvalues are
. . .
145.3280319009021
and the condition number is κ = 2.174 × 10 6 .
It is slightly better than the condition number of the conductivity matrix of the whole problem, K, because the capacity matrix is non-singular and positive definite. The conductivity matrix of material, D K , based on the Künzel assumption is populated by entries with very different order of magnitude. The better moisture insulation, the larger difference in orders of magnitude. Theoretically, a perfect hydrophobic material leads to zero term d ϕϕ = D ϕ + δ p p vs which results in a zero row and column in the conductivity matrix of a finite element K. Moreover, there could be a zero column and row in the matrix of the whole problem which make difficulties for solvers of linear algebraic systems of equations. In the case of real materials, the diagonal term D ϕ +δ p p vs is not exactly equal to zero but it could be very small and rows and columns in the global matrix could be nearly zero. The condition number of the global matrix is very large in such cases. It causes severe problems to iterative solvers because the rate of convergence usually depends on the condition number. If a direct solver is used for such systems of equations, significant cancellation errors could occur.
If materials with extremely small moisture conductivities are used, numerical difficulties may occur when significant moisture fluxes are presents. Such situation emerges e.g. near boundary where moisture flux is defined by external conditions.
If an insulation material is close to the structure surface, the model is unable to transport the moisture flux from the exterior into the structure. It results in non-balanced fluxes and the non-linear solver tends to reduce the length of time step. When the time step length is smaller than reasonable threshold, e.g. 10 −3 s, the solver announces problems and it stops. This phenomena is illustrated in Figures 1 and 2 . The distribution of relative humidity along the coordinate axis is depicted in Figure 1 while the time behaviour of the relative humidity at point near the external surface is visible in Figure 2 . The red line represents the relative humidity for structure with insulation near the surface. It means, there are extremely small moisture conductivities. On the other hand, the blue curve shows the relative humidity for the structure without an insulation. Another examples can be found in references [7] and [8] .
Zero columns and rows can be removed from the system of equations but it is not easy in real world problems. It is difficult to recognize small value nearly equal to zero because of a hydrophobic material with extremely small conductivity and small matrix entries caused by inappropriate scale of variables. The decision which numbers could be removed from the system of equations has to be based on evaluation of the heat and moisture fluxes. Contributions to the fluxes from particular gradients are evaluated and they are compared. The moisture flux contains two contributions
where
q ϕT = δ p ϕ dp vs dT ∇T .
Similarly for the heat flux
q T T = λ + h v δ p ϕ dp vs dT ∇T .
If some of the contributions q ϕϕ , q ϕT , q T ϕ , q T T are significantly smaller than others in the vicinity of a node, the appropriate variable (temperature or relative humidity) is removed from the node and the appropriate degree of freedom is removed from the discrete system. This operation represents perfect barrier and no flux is possible there.
Conclusions
Modification of the algorithm for solution of the coupled heat and moisture transfer based on the Künzel model was introduced. It evaluates contributions to the moisture Figure 1 : Distribution of the relative humidity along the thickness.
and heat fluxes and it adaptively deals with the degrees of freedom defined in nodes of finite element mesh. If some fluxes are significantly smaller than the others because of small conductivities, the appropriate degrees of freedom are removed from the system and perfect insulation is obtained. When material parameters change their values and the appropriate conductivities become important, the degrees of freedom are returned to the system.
